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a b s t r a c t
The hypercube is one of the most popular interconnection networks since it has simple
structure and is easy to implement. Möbius cubes form a class of hypercube variants that
give better performance with the same number of edges and vertices. In this paper, we
consider embedding of meshes in Möbius cubes. The main results obtained in this paper
are: (1) For n ≥ 1, there exists a 2× 2n−1 mesh that can be embedded in the n-dimensional
Möbius cube with dilation 1 and expansion 1. (2) For n ≥ 4, there exists a 4 × 2n−2 mesh
that can be embedded in the n-dimensional Möbius cube with dilation 2 and expansion 1.
(3) For n ≥ 4, there are two disjoint 4 × 2n−3 meshes that can be embedded in the 0-type
n-dimensional Möbius cube with dilation 1. (4) For n ≥ 4, there are two disjoint 4 × 2n−3
meshes that can be embedded in the 1-type n-dimensional Möbius cube with dilation 2.
Results of (1) and (3) are optimal in the sense that the dilations of the embeddings are 1.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
The topological structure of an interconnection network can bemodeled by a graphwhose vertices represent components
of the network and whose edges represent links between components. An embedding of one guest graph, G, into another
host graph,H, is a one-to-onemappingφ from the vertex set of G to the vertex set ofH. An edge of G corresponds to a path ofH
underφ. Many applications, such as architecture simulations and processor allocations, can bemodeled as graph embedding
[1,2,4–13,15–18].
There are two natural measures of the cost of a graph embedding, namely, the dilation of the embedding: the maximum
distance inH between the images of vertices that are adjacent inG; and the expansion of the embedding: the ratio of the size of
H to the size of G. For any two vertices x and y in G, let dG(x, y) denote the distance from x to y in G, i.e., the length of a shortest
path between x and y in G. The dilation of embedding φ is defined as dil(G,H,φ) = max{dH(φ(x),φ(y)) | (x, y) ∈ E(G)}.
The meaning of dilation for an embedding is the performance of communication delay when the graph H simulates the
graph G. Obviously, dil(G,H,φ) ≥ 1. In order to measure the processor utilization of the embedding, the expansion is
defined as exp(G,H,φ) = |V(H)|/|V(G)|. The smaller dilation and expansion of an embedding is that the more efficient
the communication delay and processor utilization when the graph H simulates the graph G.
The hypercube is one of the most popular interconnection networks since it has simple structure and is easy to
implement. Möbius cubes form a class of hypercube variants that give better performance with the same number of edges
and vertices. The paths, cycles, trees, and meshes are the common interconnection structures used in parallel computing.
Embedding of these structures into Möbius cubes has been studied in [3,5,9,10,19,20]. However, there has been no research
so far on embeddings ofmeshes inMöbius cubes in the literature. In this paper, we consider embedding ofmeshes inMöbius
cubes. The main results obtained in this paper are: (1) For n ≥ 1, there exists a 2× 2n−1 mesh that can be embedded in the
n-dimensionalMöbius cubewith dilation 1 and expansion 1. (2) For n ≥ 4, there exists a 4×2n−2 mesh that can be embedded
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in the n-dimensional Möbius cube with dilation 2 and expansion 1. (3) For n ≥ 4, there are two disjoint 4×2n−3 meshes that
can be embedded in the 0-type n-dimensional Möbius cube with dilation 1. (4) For n ≥ 4, there are two disjoint 4 × 2n−3
meshes that can be embedded in the 1-type n-dimensional Möbius cube with dilation 2. Results of (1) and (3) are optimal
in the sense that the dilation 1 of the embeddings are 1.
The rest of this paper is organized as follows. In the next section, some fundamental definitions and notions are
introduced. Section 3 shows that a 2 × 2n−1 mesh is a subgraph of n-dimensional Möbius cubes. Applying this result, we
propose a 4×2n−2 mesh that can be embeddedwith dilation 2 and expansion 1 in the n-dimensional Möbius cube. Section 4
proves that two disjoint 4× 2n−3 meshes are embedded in 0-type (respectively, 1-type) n-dimensional Möbius cubes with
dilation 1 (respectively, dilation 2). The last section contains discussions and conclusions.
2. Preliminaries
Let the interconnection network be modeled by an undirected graph G = (V, E)where the set of vertices V(G) represents
the processing elements of the network and the set of edges E(G) represents communication links. Throughout this paper,
for the graph theoretic definitions and notations we follow [14]. Let G = (V, E) be an undirected graph. Two vertices are
adjacent when they are incident with a common edge. A simple path (or path for short) is a sequence of adjacent edges
(v0, v1), (v1, v2), . . . , (vm−1, vm), written as 〈v0, v1, v2, . . . , vm〉, in which all the vertices v0, v1, . . . , vm are distinct except
possibly v0 = vm. The distance between x and y in G is denoted by dG(x, y), which is the length of a shortest path between x
and y in G. A cycle C is a special path with at least three vertices such that the first vertex is the same as the last one. A cycle
of length k is called a k-cycle. Let S be a subset of V(G). The subgraph of G induced by S is the subgraph that has S as its vertex
set and contains all edges of G having two end vertices in S. Two subgraphs of G are node-disjoint (or disjoint for short) if they
have no common vertex.
The n-dimensional Möbius cube MQn, proposed first by Cull and Larson [3], consists of 2n vertices, and each vertex is
labeledwith a unique n-bits binary string and has n neighbors. A vertex x, labeled by xnxn−1 . . . x1, connects to its ith neighbor,
denoted by Ni(x), for 1 ≤ i ≤ n− 1,
Ni(x) = xnxn−1 . . . xi+1xixi−1 . . . x1 if xi+1 = 0 or
= xnxn−1 . . . xi+1xixi−1 . . . x1 if xi+1 = 1.
For i = n, since there is no bit on the left of xn, Nn(x) can be defined as the nth neighbor of x. Hence Nn(x) can be defined
as xnxn−1 . . . x1 or xnxn−1 . . . x1. If we assume that the (n + 1)th bit of every vertex of MQn is 0, we call the network a 0-type
n-dimensional Möbius cube, denoted by 0-MQn; and if we assume that the (n+ 1)th bit of every vertex of MQn is 1, we call
the network a 1-type n-dimensional Möbius cube, denoted by 1-MQn. Either 0-MQn or 1-MQn may be denoted by MQn. The
example of 0-MQ4 and 1-MQ4 are shown in Fig. 1.
Therefore, MQn is an n-regular graph and can be recursively defined as follows: Both 0-MQ1 and 1-MQ1 are complete
graph K2 with one vertex labeled 0 and the other 1. 0-MQn and 1-MQn are both composed of a sub-Möbius cube MQ0n−1
and a sub-Möbius cube MQ1n−1. Each vertex 0xn−1xn−2 . . . x2x1 connects to vertex 1xn−1xn−2 . . . x2x1 in 0-MQn and to vertex
1xn−1xn−2 . . . x2x1 in 1-MQn where 0xn−1xn−2 . . . x2x1 ∈ V(MQ0n−1) and 1xn−1xn−2 . . . x2x1, 1xn−1xn−2 . . . x2x1 ∈ V(MQ1n−1). For
convenience, we say that MQ0n−1 and MQ1n−1 are two sub-Möbius cubes of MQn, where MQ
0
n−1 (respectively, MQ1n−1) is a 0-
type (respectively, 1-type) (n − 1)-dimensional Möbius cube which includes all vertices of 0xn−1xn−2 . . . x2x1 (respectively,
1xn−1xn−2 . . . x2x1), for xi ∈ {0, 1}. An edge (x, y) in E(MQn) is of dimension i if y = Ni(x). In addition, we define the edge set
of dimension i of MQn to be Ei(MQn) = {(x, y) ∈ E(MQn) | y = Ni(x)}. Indeed, there are 2n−1 elements in Ei(MQn) for all
1 ≤ i ≤ n. Every edge of dimension n is called to be a crossing edge between MQ0n−1 and MQ1n−1 of MQn. It is easy to see that
E(MQn) = En(MQn) ∪ E(MQ0n−1) ∪ E(MQ1n−1). One can observe that Ei(MQn) = Ei(MQ0n−1) ∪ Ei(MQ1n−1) for 1 ≤ i ≤ n− 1.
Lemma 1. For n ≥ 3, let x and y be two vertices of a 0-type n-dimensional Möbius cube, denoted by 0-MQn, and y = Ni(x). Then
d0−MQn(Nn(x),Nn(y)) = 1 if 1 ≤ i ≤ n− 2 and d0−MQn(Nn(x),Nn(y)) = 2 if i = n− 1.
Proof. Let x = xnxn−1 . . . xi+1xixi−1 . . . x1 where xj ∈ {0, 1} for 1 ≤ j ≤ n. Since y is an ith neighbor of x, y =
xnxn−1 . . . xi+1xixi−1 . . . x1 if xi+1 = 0 or y = xnxn−1 . . . xi+1xixi−1 . . . x1 if xi+1 = 1.
Case 1: i = n− 1.
Suppose that xn = 0. Then, Nn(x) = 1xn−1xn−2 . . . x1 and Nn(y) = 1xn−1xn−2 . . . x1. One can observe that
d0−MQn(Nn(x),Nn(y)) > 1 for n ≥ 3. If xn−1 = 0, Nn−2(Nn(y)) = 1xn−1 xn−2 . . . x1. Thus, Nn−1(Nn−2(Nn(y))) = Nn(x). Hence
d0−MQn(Nn(x),Nn(y)) = 2. If xn−1 = 1, Nn−1(Nn−2(Nn(x))) = Nn(y). As a result, d0−MQn(Nn(x),Nn(y)) = 2.
Suppose that xn = 1. Then, Nn(x) = 0xn−1xn−2 . . . x1 and Nn(y) = 0xn−1xn−2 . . . x1. Obviously, d0−MQn(Nn(x),Nn(y)) > 1
for n ≥ 3. If xn−1 = 0, Nn−2(Nn(y)) = 0xn−1xn−2 . . . x1. It is observed that Nn−1(Nn−2(Nn(y))) = Nn(x). As a result,
d0−MQn(Nn(x),Nn(y)) = 2. If xn−1 = 1, Nn−2(Nn(x)) = 0xn−1xn−2 . . . x1. Hence Nn−1(Nn−2(Nn(x))) = Nn(y). Therefore,
d0−MQn(Nn(x),Nn(y)) = 2.
Case 2: 1 ≤ i ≤ n− 2.
Suppose that xi+1 = 0. Nn(x) = xnxn−1 . . . xi+20xi . . . x1 and Nn(y) = xnxn−1 . . . xi+20xixi−1 . . . x1. It is obvious that
Ni(Nn(y)) = Nn(x). Hence d0−MQn(Nn(x),Nn(y)) = 1. Suppose that xi+1 = 1. Obviously, Nn(x) = xnxn−1 . . . xi+21xi . . . x1 and
Nn(y) = xnxn−1 . . . xi+21xi . . . x1. Thus, Ni(Nn(y)) = Nn(x). Hence d0−MQn(Nn(x),Nn(y)) = 1. The lemma is proved. 
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Fig. 1. (a) A 0-type 4-dimensional Möbius cube. (b) A 1-type 4-dimensional Möbius cube.
Lemma 2. For n ≥ 3, let x and y be two vertices of a 1-type n-dimensional Möbius cube, denoted by 1-MQn, and y = Ni(x). Then
d1−MQn(Nn(x),Nn(y)) = 2 if 2 ≤ i ≤ n− 1 and d1−MQn(Nn(x),Nn(y)) = 1 if i = 1.
Proof. Let x = xnxn−1 . . . xi+1xixi−1 . . . x1 where xj ∈ {0, 1} for 1 ≤ j ≤ n. Since y is an ith neighbor of x, y =
xnxn−1 . . . xi+1xixi−1 . . . x1 if xi+1 = 0 or y = xnxn−1 . . . xi+1xixi−1 . . . x1 if xi+1 = 1.
Case 1: 2 ≤ i ≤ n− 1.
Suppose that xi+1 = 0. Nn(x) = xnxn−1 . . . xi+21xi . . . x1 and Nn(y) = xn xn−1 . . . xi+2 1xixi−1 . . . x1. One can observe that
d1−MQn(Nn(x),Nn(y)) > 1 for n ≥ 3. If xi = 0, Ni−1(Nn(x)) = xnxn−1 . . . xi+21xixi−1 . . . x1. Hence Ni(Ni−1(Nn(x))) = Nn(y). Hence
d1−MQn(Nn(x),Nn(y)) = 2. If xi = 1, Ni−1(Nn(y)) = xnxn−1xn−2 . . . xi+21xixi−1 . . . x1. Hence Ni(Ni−1(Nn(y))) = Nn(x). Therefore,
d1−MQn(Nn(x),Nn(y)) = 2.
Suppose that xi+1 = 1. Nn(x) = xnxn−1 . . . xi+20xi . . . x1 and Nn(y) = xnxn−1 . . . xi+20xixi−1 . . . x1. Obviously,
d1−MQn(Nn(x),Nn(y)) > 1 for n ≥ 3. If xi = 0, Ni−1(Nn(x)) = xnxn−1 . . . xi+20xixi−1 . . . x1. Hence Ni(Ni−1(Nn(x))) = Nn(y). Hence
d1−MQn(Nn(x),Nn(y)) = 2. If xi = 1, Ni−1(Nn(y)) = xnxn−1 . . . xi+20xixi−1 . . . x1. Hence Ni(Ni−1(Nn(y))) = Nn(x). Therefore,
d1−MQn(Nn(x),Nn(y)) = 2.
Case 2: i = 1.
Nn(x) = xnxn−1 . . . x3x2x1 and Nn(y) = xnxn−1 . . . x3x2x1. It is obvious that N1(Nn(y)) = Nn(x). Hence d1−MQn(Nn(x),Nn(y))= 1. 
According to Lemmas 1 and 2, there exists a 4-cycle of 〈x, y, Nn(y), Nn(x), x〉 inMQn for any edge (x, y) ∈ E1(MQn). Finding a
4-cycle in one sub-Möbius cubeMQ in−1 ofMQn such that it is corresponding to a 4-cycle inMQ
1−i
n−1 is important for embedding
of 2× 2n−1 mesh in MQn. The following lemma discusses how to find that 4-cycle.
Lemma 3. For n ≥ 3, assume that 〈a, b, c, d, a〉 is a 4-cycle in MQ in−1 of MQn satisfying (a, b), (c, d) ∈ E1(MQn) and (b, c),
(a, d) ∈ E2(MQn). Then Nn(a), Nn(b), Nn(c), and Nn(d) forms a 4-cycle in MQ1−in−1 of MQn, where i = 0, 1. Moreover, (Nn(a),Nn(b)),
(Nn(c),Nn(d)) ∈ E1(MQn), and (Nn(a),Nn(c)), (Nn(b),Nn(d)) ∈ E2(MQn) or (Nn(a),Nn(d)), (Nn(b),Nn(c)) ∈ E2(MQn).
Proof. The lemma holds for n = 3. Assume that n ≥ 4. Let a = anan−1 . . . a3a2a1. Thus b = anan−1 . . . a3a2a1. According to the
value of a3, the proof is divided into two cases: (1) a3 = 0 and (2) a3 = 1.
Case 1: a3 = 0.
Note that a = anan−1 . . . a40a2a1, b = anan−1 . . . a40a2a1, c = anan−1 . . . a40a2a1, and d = anan−1 . . . a40a2a1. Suppose that
theMQn is a 0-typeMöbius cube. Since n ≥ 4,Nn(a) = anan−1 . . . a40a2a1,Nn(b) = anan−1 . . . a40a2a1,Nn(c) = anan−1 . . . a40a2a1,
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and Nn(d) = anan−1 . . . a40a2a1. Therefore, (Nn(a),Nn(b)) and (Nn(c),Nn(d)) (respectively, (Nn(b),Nn(c)) and (Nn(a),Nn(d)))
are in E1(MQn) (respectively, E2(MQn)). Consequently, 〈Nn(a), Nn(b), Nn(c), Nn(d), Nn(a)〉 is a 4-cycle in the sub-Möbius cube
MQ1−in−1 of MQn.
Suppose that the MQn is a 1-type Möbius cube. Hence Nn(a) = anan−1 . . . a41a2a1, Nn(b) = anan−1 . . . a41a2a1,
Nn(c) = anan−1 . . . a41a2a1, and Nn(d) = anan−1 . . . a41a2a1. Therefore, (Nn(a),Nn(b)), (Nn(c),Nn(d)) ∈ E1(MQn) and
(Nn(a),Nn(c)), (Nn(b),Nn(d)) ∈ E2(MQn). Consequently, 〈Nn(a),Nn(c),Nn(d),Nn(b),Nn(a)〉 is a 4-cycle in the sub-Möbius cube
MQ1−in−1 of MQn.
Case 2: a3 = 1.
Note that a = anan−1 . . . a41a2a1, b = anan−1 . . . a41a2a1, c = anan−1 . . . a41a2a1, and d = anan−1 . . . a41a2a1. Suppose that
theMQn is a 0-type Möbius cube. Since n ≥ 4, Nn(a) = anan−1 . . . 1a2a1, Nn(b) = anan−1 . . . 1a2a1, Nn(c) = anan−1 . . . 1a2a1, and
Nn(d) = anan−1 . . . 1a2a1. Hence (Nn(a),Nn(b)) and (Nn(c),Nn(d)) are in E1(MQn), and (Nn(a),Nn(c)) and (Nn(b),Nn(d)) are in
E2(MQn). Consequently, 〈Nn(a),Nn(c),Nn(d),Nn(b),Nn(a)〉 is a 4-cycle in the sub-Möbius cube MQ1−in−1 of MQn.
Suppose that the MQn is a 1-type Möbius cube. Hence Nn(a) = anan−1 . . . a40a2a1, Nn(b) = anan−1 . . . a40a2a1,
Nn(c) = anan−1 . . . a40a2a1, and Nn(d) = anan−1 . . . a40a2a1. Therefore, (Nn(a),Nn(b)), (Nn(c),Nn(d)) ∈ E1(MQn) and
(Nn(b),Nn(c)), (Nn(a),Nn(d)) ∈ E2(MQn). Consequently, 〈Nn(a),Nn(b),Nn(c),Nn(d),Nn(a)〉 is a 4-cycle in the sub-Möbius cube
MQ1−in−1 of MQn. 
3. Embedding of 2× 2n−1 and 4× 2n−2 meshes in MQn
Definition 1. An n× mmesh Mn×m can be denoted by an n× mmatrix
α11 α12 · · · α1m
α21 α22 · · · α2m
· · · · · · · · · · · ·
αn1 αn2 · · · αnm

where V(Mn×m) = {αij | 1 ≤ i ≤ n, and 1 ≤ j ≤ m}, E(Mn×m) = {(αij,αi,j+1) | for 1 ≤ i ≤ n and 1 ≤ j ≤ m− 1} ∪ {(αkl,αk+1,l) |
for 1 ≤ k ≤ n− 1 and 1 ≤ l ≤ m}.
For any 2×mmesh, denoted byM2×m, its two edges (α1j,α1,j+1) and (α2j,α2,j+1) are called to be the jth pair of border-edge
for 1 ≤ j ≤ m − 1, and its edge of (α1i,α2i) is called to be the ith ladder-edge for 1 ≤ i ≤ m. In addition, the first ladder-
edges and the last ladder-edges are also called to be side-edges of M2×m. Let M(i, j;MQn) = {M2×m | M2×m is a mesh with size
2 × m in MQn such that all ladder-edges of M2×m are in Ei(MQn) and there exists a pair of border-edge of M2×m is in Ej(MQn)
for 2 ≤ m ≤ 2n−1}. In this section, we propose that a 2 × 2n−1 mesh can be embedded with dilation 1 and expansion 1 in
an n-dimensional Möbius cube. Applying this result, we show that a 4 × 2n−2 mesh can be embedded with dilation 2 and
expansion 1 in MQn.
Lemma 4. If e1 and e2 are in E1(MQ3) and both of them lie on the same 4-cycle in MQ3, then there exists a 2 × 4 mesh in
M(1, 2;MQ3) such that e1 and e2 are side-edges of the mesh.
Proof. Since 0-MQ3 and 1-MQ3 are isomorphic, we only consider 0-MQ3. Note that E1(0 − MQ3) = {(000, 001), (010, 011),
(100, 101), (110, 111)} and E2(0-MQ3) = {(000, 010), (001, 011), (100, 111), (101, 110)}. Let M1, M2, M3, and M4 are four
2× 4 meshes in 0-MQ3 as follows (see Fig. 2).
M1 =
(
000 010 110 101
001 011 111 100
)
, M2 =
(
000 100 111 011
001 101 110 010
)
M3 =
(
100 000 010 110
101 001 011 111
)
, M4 =
(
010 000 100 111
011 001 101 110
)
.
One can see that all ladder-edges of Mi are in E1(0-MQ3) for 1 ≤ i ≤ 4. It is observed that the 3th pair of border-edges in
M1 and M4 belong to the set E2(0-MQ3), and the 2th pair of border-edges in M2 and M3 belong to E2(0-MQ3). One can easy
verify that all desired meshes are in {M1,M2,M3,M4}. 
Lemma 5. For n ≥ 2, assume that e1 and e2 are in E1(MQn) and both of them lie on the same 4-cycle in MQn. Then there exists a
2× 2n−1 mesh in M(1, 2;MQn) such that e1 and e2 are side-edges of the mesh. Moreover, there exists a mesh with size 2×m can
be embedded in MQn with dilation 1 for 2 ≤ m ≤ 2n−1.
Proof. Since MQ2 is a 4-cycle, the lemma is true. Hereafter, we consider only n ≥ 3. The proof is by induction on n. By
Lemma 4, the lemma holds for n = 3. Assume that the lemma is true for every integer 3 ≤ m < n. We now considerm = n as
follows. Let e1 = (a, b) and e2 = (c, d) be two dimension 1 edges and 〈a, b, c, d, a〉 is a 4-cycle inMQn. By the relative position
of e1 and e2, the proof is divided into two parts: (1) e1 and e2 are in the same sub-Möbius cube MQ in−1 and (2) e1 ∈ E(MQ in−1)
and e2 ∈ E(MQ1−in−1) for i = 0, 1.
Case 1: e1, e2 ∈ E(MQ in−1) for i = 0, 1.
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Fig. 2. Illustration for Lemma 4.
By the induction hypothesis, there exists a 2× 2n−2 meshM02×2n−2 ∈ M(1, 2;MQ in−1) such that e1 and e2 are side-edges of
M02×2n−2 . Without loss of generality, we may assume that
M02×2n−2 =
(
a = α1 · · · αj αj+1 · · · α2n−2 = c
b = β1 · · · βj βj+1 · · · β2n−2 = d
)
where (αk,βk) ∈ E1(MQ in−1) for all 1 ≤ k ≤ 2n−2 and (αj,αj+1), (βj,βj+1) ∈ E2(MQ in−1) for some 1 ≤ j ≤ 2n−2 − 1.
Let (αj,αj+1), (βj,βj+1) ∈ E2(MQ in−1) for some 1 ≤ j ≤ 2n−2 − 1. Since (αj,βj) and (αj+1,βj+1) are in E1(MQn), 〈αj, αj+1,
βj+1, βj, αj〉 is a 4-cycle in MQ in−1. By Lemma 3, Nn(αj), Nn(βj), Nn(αj+1), and Nn(βj+1) forms a 4-cycle in MQ1−in−1 where Nn(αj)
and Nn(αj+1) are adjacent to Nn(βj) and Nn(βj+1), respectively. Hence let e3 = (Nn(αj),Nn(βj)) and e4 = (Nn(αj+1),Nn(βj+1)).
Subsequently, e3, e4 ∈ E1(MQn) and they form a 4-cycle in MQ1−in−1. By the induction hypothesis, there exists a 2× 2n−2 mesh
M12×2n−2 ∈ M(1, 2;MQ1−in−1) such that e3 and e4 are side-edges of M12×2n−2 . Without loss of generality, one may assume that
M12×2n−2 =
(
αj = µ1 · · · µk µk+1 · · · µ2n−2 = αj+1
βj = ν1 · · · νk νk+1 · · · ν2n−2 = βj+1
)
where all ladder-edges are in E1(MQ1−in−1) and (µk,µk+1), (νk, νk+1) ∈ E2(MQ1−in−1) for some 1 ≤ k ≤ 2n−2 − 1.
Next, replace the 4-cycle of 〈αj,αj+1,βj+1,αj+1,αj〉 in M02×2n−2 with the mesh M12×2n−2 . We have a 2× 2n−1 mesh of
(
a = α1 · · · αj−1 αj = µ1 · · · µk µk+1 · · · µ2n−2 = αj+1 αj+2 · · · α2n−2 = c
b = β1 · · · βj−1 βj = ν1 · · · νk νk+1 · · · ν2n−2 = βj+1 βj+2 · · · β2n−2 = d
)
where all ladder-edges are in E1(MQn), (µk,µk+1), (νk, νk+1) ∈ E2(MQn), and (a, b) and (c, d) are side-edges of the mesh.
Case 2: e1 ∈ E(MQ in−1) and e2 ∈ E(MQ1−in−1) for i = 0, 1.
Note that e1 = (a, b) and e2 = (c, d), and 〈a, b, c, d, a〉 is a 4-cycle. Since e1 and e2 are in different sub-Möbius cubes of
MQn, Nn(a) = d and Nn(b) = c. Let u = N2(a) and v = N2(b). Hence (u, v) ∈ E1(MQ in−1) and 〈a, u, v, b, a〉 is a 4-cycle in MQ in−1.
By the induction hypothesis, there exists a 2× 2n−2 meshM02×2n−2 ∈M(1, 2;MQ in−1) such that (a, b) and (u, v) are side-edges
of the mesh. Without loss of generality, we may assume that
M02×2n−2 =
(
a = α1 · · · αj αj+1 · · · α2n−2 = u
b = β1 · · · βj βj+1 · · · β2n−2 = v
)
where all ladder-edges are in E1(MQ in−1) and (αj,αj+1), (βj,βj+1) ∈ E2(MQ in−1) for some 1 ≤ j ≤ 2n−2 − 1.
Since (u, v), (a, b) ∈ E1(MQn) and (a, u), (b, v) ∈ E2(MQn), 〈a, u, v, b, a〉 is a 4-cycle in MQ in−1. By Lemma 3, Nn(b) = c,
Nn(a) = d, Nn(u), and Nn(v) forms a 4-cycle in MQ1−in−1 of MQn. In addition, (c, d), (Nn(u),Nn(v)) ∈ E1(MQ1−in−1). By the induction
hypothesis, there exists a 2×2n−2 meshM12×2n−2 ∈M(1, 2;MQ1−in−1) such that (Nn(u),Nn(v)) and (c, d) are side-edges ofM12×2n−2 .
Without loss of generality, we may assume that
M12×2n−2 =
(
Nn(u) = µ1 · · · µk µk+1 · · · µ2n−2 = c
Nn(v) = ν1 · · · νk νk+1 · · · ν2n−2 = d
)
where all ladder-edges are in E1(MQ i−1n−1) and (µk,µk+1), (νk, νk+1) ∈ E2(MQ1−in−1) for some 1 ≤ k ≤ 2n−2 − 1.
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Therefore, we have a desired 2× 2n−1 mesh as follows.
(
a = α1 · · · αj αj+1 · · · α2n−2 = u Nn(u) = µ1 · · · µk µk+1 · · · µ2n−2 = c
b = β1 · · · βj βj+1 · · · β2n−2 = v Nn(v) = ν1 · · · νk νk+1 · · · ν2n−2 = d
)
.
According above discussion, a mesh with size 2 × 2n−1 can be embedded in MQn with dilation 1. It is obvious that any
mesh with size 2×m is a subgraph of the mesh with size 2× k form ≤ k. Therefore, there exists a mesh with size 2×m can
be embedded in MQn with dilation 1 for 2 ≤ m ≤ 2n−1. The proof is completed. 
Theorem 1. For any integer n ≥ 1, there exists a 2× 2n−1 mesh in MQn.
Proof. It is trivial that the theorem holds for n = 1. By Lemma 5, the theorem holds for n ≥ 2. Hence, the proof is
completed. 
As a result, we have the following corollary.
Corollary 1. For any integer n ≥ 1, a 2× 2n−1 mesh can be embedded in MQn with dilation 1 and expansion 1.
Next, we propose that a 4× 2n−2 mesh can be embedded into MQn with dilation 2 and expansion 1.
Theorem 2. For any integer n ≥ 4, there exists a 4× 2n−2 mesh of
M =

0α1 0α2 · · · 0α2n−2
0β1 0β2 · · · 0β2n−2
1γ1 1γ2 · · · 1γ2n−2
1δ1 1δ2 · · · 1δ2n−2

can be embedded in the MQn with dilation 2 and expansion 1 where(
α1 α2 · · · α2n−2
β1 β2 · · · β2n−2
)
is a 2× 2n−2 mesh of a 0-MQn−1 and all ladder-edges of the mesh are in E1(0-MQn−1). Moreover, δk = αk and γk = βk if MQn is a
0-type Möbius cube, or δk = αk and γk = βk if MQn is a 1-type Möbius cube.
Proof. Assume that n ≥ 4. By Lemma 5, there exists a 2× 2n−2 mesh of
M =
(
α1 α2 · · · α2n−2
β1 β2 · · · β2n−2
)
in 0-MQn−1 where (αk,βk) ∈ E1(0-MQn−1) for 1 ≤ k ≤ 2n−2. Thus, the mesh of
(
0α1 0α2 · · · 0α2n−2
0β1 0β2 · · · 0β2n−2
)
is in the sub-Möbius cube MQ0n−1 of MQn.
Let γk = βk and δk = αk if MQn is a 0-type Möbius cube, otherwise γk = βk and δk = αk for 1 ≤ k ≤ 2n−2. Hence,
Nn(0αk) = 1δk and Nn(0βk) = 1γk for 1 ≤ k ≤ 2n−2. Since (0αk, 0βk) ∈ E1(MQn), (1δk, 1γk) ∈ E1(MQn). It is not difficult to
verify that {0αk, 0βk, 1γk, 1δk | for 1 ≤ k ≤ 2n−2} = V(MQn). By Lemmas 1 and 2, dMQn(1γk, 1γk+1) ≤ 2 and dMQn(1δk, 1δk+1) ≤ 2
for 1 ≤ k ≤ 2n−2−1. In fact, d1−MQn(1γk, 1γk+1) = 2 and d1−MQn(1δk, 1δk+1) = 2 for 1 ≤ k ≤ 2n−2−1. Consequently, one may
embed a mesh of
M′ =

0α1 0α2 · · · 0α2n−2
0β1 0β2 · · · 0β2n−2
1γ1 1γ2 · · · 1γ2n−2
1δ1 1δ2 · · · 1δ2n−2

into MQn with dilation 2 and expansion 1. 
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4. Embedding two disjoint 4× 2n−3 meshes
Applying the 2×2n−3 mesh embedding ofMQn−2 in the last section, we provides 4×2n−3 mesh embeddings in the 0-MQn.
As n = 4, one can easily to verify the following lemma.
Lemma 6.
M1 =

0000 0001
0010 0011
0110 0111
0101 0100

and
M2 =

1000 1001
1010 1011
1101 1100
1110 1111

are two disjoint 4× 2meshes in 0-MQ4.
Let Vi,j = {ijan−2 . . . a1 |where i, j, ak ∈ {0, 1} and 1 ≤ k ≤ n−2}. Hence V(MQn) = V0,0 ∪ V0,1 ∪ V1,0 ∪ V1,1 and Vi,j∩Vk,l = ∅
if Vi,j 6= Vk,l. One can observe that the induced subgraphMQ i,jn−2 ofMQn is isomorphic to j-MQn−2 where i, j ∈ {0, 1}. According
to the definition ofMQn, we have that each vertex of 00an−2 . . . a1 in the subgraphMQ0,0n−2 of 0-MQn connects to one vertex of
10an−2 . . . a1 in the subgraphMQ1,0n−2 of 0-MQn by an edge in En(0-MQn); and each vertex of 01an−2 . . . a1 in the subgraphMQ
0,1
n−2
of 0-MQn connects to one vertex of 11an−2 . . . a1 in the subgraph MQ11n−2 by an edge in En(0-MQn). Applying these properties,
we propose the following two lemmas.
Lemma 7. For n ≥ 5, there is a 4× 2n−3 mesh
M =

00α1 00α2 · · · 00α2n−3
00β1 00β2 · · · 00β2n−3
10β1 10β2 · · · 10β2n−3
10α1 10α2 · · · 10α2n−3

in the 0-MQn where(
α1 α2 · · · α2n−3
β1 β2 · · · β2n−3
)
is a 2× 2n−3 mesh of a 0-MQn−2.
Proof. For n ≥ 5, let MQ i,jn−2 be a subgraph of 0-MQn induced by Vi,j for i, j ∈ {0, 1}. Note that MQ0,0n−2 and MQ1,0n−2 are both
isomorphic to 0-MQn−2. By Theorem 1, there exists a 2× 2n−3 mesh of
M =
(
α1 α2 · · · α2n−3
β1 β2 · · · β2n−3
)
in the 0-MQn−2. Then,
M00 =
(
00α1 00α2 · · · 00α2n−3
00β1 00β2 · · · 00β2n−3
)
and
M10 =
(
10α1 10α2 · · · 10α2n−3
10β1 10β2 · · · 10β2n−3
)
are 2× 2n−3 meshes inMQ0,0n−2 andMQ1,0n−2, respectively. Since each vertex ofM00 are in V0,0 and each vertex ofM10 are in V1,0,
V(M00) ∩ V(M10) = ∅. Indeed, (00αj, 00αj+1), (00βj, 00βj+1), (10αj, 10αj+1), and (10βj, 10βj+1) are edges of 0-MQn for all
1 ≤ j ≤ 2n−3 − 1. Furthermore, Nn(00αk) = 10αk and Nn(00βk) = 10βk for all 1 ≤ k ≤ 2n−3. Thus,
M′ =

00α1 00α2 · · · 00α2n−3
00β1 00β2 · · · 00β2n−3
10β1 10β2 · · · 10β2n−3
10α1 10α2 · · · 10α2n−3

is a 4× 2n−3 mesh in the 0-MQn. 
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Lemma 8. For n ≥ 5, there is a 4× 2n−3 mesh
M =

01γ1 01γ2 · · · 01γ2n−3
01δ1 01δ2 · · · 01δ2n−3
11δ1 11δ2 · · · 11δ2n−3
11γ1 11γ2 · · · 11γ2n−3

in the 0-MQn where(
γ1 γ2 · · · γ2n−3
δ1 δ2 · · · δ2n−3
)
is a 2× 2n−3 mesh of a 1-MQn−2 satisfying (αk,βk) ∈ E1(1-MQn−2) for 1 ≤ k ≤ 2n−3.
Proof. The proof is similar to Lemma 7. Thus, details are omitted. 
Theorem 3. For any integer n ≥ 4, there are two disjoint 4× 2n−3 meshes in a 0-MQn.
Proof. By Lemma 6, the theorem holds for n = 4. For n ≥ 5, by Lemmas 7 and 8, there are two 4×2n−3 meshesM1 andM2 in
0-MQn. One can observe that for any vertices anan−1 . . . a1 inM1, anan−1 = 00 or anan−1 = 10 and for any vertices bnbn−1 . . . b1
in M2, bnbn−1 = 01 or bnbn−1 = 11. Therefore, M1 and M2 are disjoint, i.e., V(M1) ∩ V(M2) = ∅. 
As a result, we have the following corollary.
Corollary 2. For n ≥ 4, there exists a 4 × 2n−3 mesh that can be embedded with dilation 1 and expansion 2 in the 0-type n-
dimensional Möbius cube 0-MQn. In addition, two disjoint 4 × 2n−3 meshes can be embedded in a 0-MQn covering all vertices of
the 0-MQn.
It is observed that each vertex of 00an−2 . . . a1 in the subgraph MQ0,0n−2 of 1-MQn connects to one vertex of 11an−2 . . . a1 in
the subgraphMQ11n−2 of 1-MQn by an edge in En(1-MQn); each vertex of 01an−2 . . . a1 in the subgraphMQ
0,1
n−2 of 1-MQn connects
to one vertex of 10an−2 . . . a1 in the subgraphMQ10n−2 of 1-MQn by an edge in En(1-MQn). Applying these properties, we propose
the following lemmas.
Lemma 9.
M1 =

0000 0010
0001 0011
1110 1100
1111 1101

and
M2 =

0100 0111
0101 0110
1010 1001
1011 1000

are two disjoint 4× 2meshes and can be embedded in 1-MQ4 with dilation 2.
Lemma 10. For n ≥ 5, there is a 4× 2n−3 mesh
M =

00α1 00α2 · · · 00α2n−3
00β1 00β2 · · · 00β2n−3
11β1 11β2 · · · 11β2n−3
11α1 11α2 · · · 11α2n−3

can be embedded in a 1-MQn with dilation 2 and expansion 2 where(
α1 α2 · · · α2n−3
β1 β2 · · · β2n−3
)
is a 2× 2n−3 mesh of a 0-MQn−2 satisfying (αk,βk) ∈ E1(0-MQn−2) for 1 ≤ k ≤ 2n−3.
Proof. For n ≥ 5, let MQ i,jn−2 be a subgraph of 1-MQn induced by Vi,j for i, j ∈ {0, 1}. Note that MQ0,0n−2 (respectively, MQ1,1n−2) is
isomorphic to 0-MQn−2 (respectively, 1-MQn−2). By Lemma 5, there exists a 2× 2n−3 mesh of
M =
(
α1 α2 · · · α2n−3
β1 β2 · · · β2n−3
)
in a 0-MQn−2 where (αk,βk) ∈ E1(0-MQn−2) for 1 ≤ k ≤ 2n−3. Then, the mesh of(
00α1 00α2 · · · 00α2n−3
00β1 00β2 · · · 00β2n−3
)
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is in the sub-Möbius cube MQ0,0n−2 of 1-MQn. Indeed, (00αk, 00βk) ∈ E1(1-MQn) for 1 ≤ k ≤ 2n−3 and (00αj, 00αj+1),
(00βj, 00βj+1) ∈ E(1-MQn) for all 1 ≤ j ≤ 2n−3 − 1.
Since Nn(00αk) = 11αk, Nn(00βk) = 11βk, and (00αk, 00βk) ∈ E1(1-MQn), (11αk, 11βk) ∈ E1(1-MQn) for 1 ≤ k ≤ 2n−3.
Lemma 2, d1−MQn(11αj, 11αj+1) ≤ 2 and d1−MQn(11βj, 11βj+1) ≤ 2. However, (00αj, 00αj+1), (00βj, 00βj+1) /∈ E1(1-MQn)
since (00αj, 00βj) ∈ E1(1-MQn) for 1 ≤ j ≤ 2n−3 − 1. Therefore, d1−MQn(11αj, 11αj+1) = 2 and d1−MQn(11βj, 11βj+1) = 2 for
1 ≤ j ≤ 2n−3 − 1. Obviously, V0,0 = {00αk, 00βk | for 1 ≤ k ≤ 2n−3} and V1,1 = {11αj, 11βj | for 1 ≤ j ≤ 2n−3}. Therefore, one
may embed the mesh of
M′ =

00α1 00α2 · · · 00α2n−3
00β1 00β2 · · · 00β2n−3
11β1 11β2 · · · 11β2n−3
11α1 11α2 · · · 11α2n−3

into 1-MQn with dilation 2 and expansion 2. 
Lemma 11. For n ≥ 5, there is a 4× 2n−3 mesh
M =

01α1 01α2 · · · 01α2n−3
01β1 01β2 · · · 01β2n−3
10β1 10β2 · · · 10β2n−3
10α1 10α2 · · · 10α2n−3

can be embedded in a 1-MQn with dilation 2 and expansion 2 where(
α1 α2 · · · α2n−3
β1 β2 · · · β2n−3
)
is a 2× 2n−3 mesh of a 1-MQn−2 satisfying (αk,βk) ∈ E1(1−MQn−2) for 1 ≤ k ≤ 2n−3.
Proof. The proof is similar to Lemma 10. Therefore, details are omitted. 
As a result, Theorem 4 is a directly consequence of Lemmas 9–11 and Theorem 2.
Theorem 4. For n ≥ 4, there exists a 4 × 2n−3 mesh that can be embedded with dilation 2 and expansion 2 in the 1-type n-
dimensional Möbius cube 1-MQn. In addition, two disjoint 4× 2n−3 meshes can be embedded in a 1-MQn with dilation 2 and they
cover all vertices of the 1-MQn.
5. Conclusions
Möbius cubes are important variants of hypercubes. The n-dimensional Möbius cube, MQn, has several better properties
than the n-dimensional hypercube, Qn, for example, the diameter of MQn is about one half that of Qn and graph embedding
capability ofMQn is better than Qn. Embedding of paths and cycles inMöbius cubes have been studied by several researchers.
However, there has been no research so far as we know to study mesh embedding of Möbius cubes. In this paper, we focus
on the issue for mesh embedding of Möbius cubes. The major findings in this paper are follows:
(1) For n ≥ 1, a 2× 2n−1 mesh can be embedded in the n-dimensional Möbius cube with dilation 1 and expansion 1.
(2) For n ≥ 4, a 4× 2n−2 mesh can be embedded in the n-dimensional Möbius cube with dilation 2 and expansion 1.
(3) For n ≥ 4, two disjoint 4× 2n−3 meshes can be embedded into the 0-type n-dimensional Möbius cube with dilation 1.
(4) For n ≥ 4, two disjoint 4× 2n−3 meshes can be embedded into the 1-type n-dimensional Möbius cubes with dilation 2.
Results of (3) and (4) show that two embedded meshes can work independently in the n-dimensional Möbius cube
without interference to each other that is a desirable characteristic in parallel computing. Furthermore, results of (1) and
(3) are optimal because the dilations of the embeddings are equal to 1.
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